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E-mail address: tian.tang@ualberta.ca (T. Tang).Adhesion of a particle with a substrate in presence of electrostatic interaction is an appealing area of
research because of its signiﬁcance in many biological and industrial applications. In this work, we study
an interesting problem in which a charged ﬂexible particle located in an electrolytic environment adheres
to an oppositely charged rigid substrate due to the electrostatic attraction between them. The particle is a
membrane ﬁlled with incompressible ﬂuid and can undergo large deformation. Continuum theories are
used to model the mechanics of the membrane and the electric potential in the electrolytic solution. The
developed model allows us to examine the nature of the coupling between the electrostatic interaction
and the deformation of the membrane. In particular, the deformation of the membrane causes non-uni-
form distribution of charges on its surface and signiﬁcant electrostatic repulsion between these charges.
This repulsion is most pronounced within and near the contact zone and provides a source of resistance
to its further deformation and contact formation. As a result, the coupling between electrostatics and
deformation is most signiﬁcant for moderate deformation and becomes weaker for very large deforma-
tion. The relation between the total electrostatic adhesive force and the contact area shows similar scal-
ing ðF  an, where n ¼ 3Þ to the classical Hertz theory of contact at small deformation, but the value of n
increases as deformation increases. The dependence of this relation on the Debye length of the solution
and the initial ﬂuid pressure in the membrane is also investigated.
 2013 Elsevier Ltd. All rights reserved.1. Introduction
Adhesion between two objects arises from the molecular inter-
actions between them (Freund and Lin, 2004; Lin and Freund,
2007; Johnson et al., 1971). These interactions can be categorized
into being non-speciﬁc, examples including electrostatic, van der
Waals and steric interactions (Freund and Lin, 2004; Liu et al.,
2007; Cheng et al., 2009; Lin and Freund, 2007; Bell, 1978; Nir
and Andersen, 1977), or being speciﬁc, examples including recep-
tor–ligand bonds and hydrogen bonding (Liu et al., 2007; Cheng
et al., 2009; Lin and Freund, 2007; Evans, 1985a,b; Bell, 1978;
Khachatourian and Wistrom, 2002; Prechtel et al., 2002; Boulbitch,
2003). Speciﬁc interactions are strong but short ranged while
non-speciﬁc interactions are relatively weak but long ranged (Liu
et al., 2007; Cheng et al., 2009; Lin and Freund, 2007; Bell, 1978).
Adhesion plays important roles in biology, for example, cell
deformation, cell movement, growth and cell-tissue interaction
(Agrawal and Steigmann, 2010; Boulbitch, 2003; Joshi and
Schoenbach, 2002; Joshi et al., 2002; Bryant and Wolfe, 1987),
and contributes substantially in many industrial applications, for
example, electrophotography (Zhou et al., 2003; Takeuchi, 2006;ll rights reserved.Schein, 2007; Mizes et al., 2000), powder technology (Feng and
Hays, 2003; Feng, 2000), biotechnology, semiconductor and phar-
maceutical industries (Raichur et al., 2006; Vinogradova et al.,
2006).
As a notable example, cell adhesion has recently become an
intensive area of research because of its signiﬁcance in many bio-
logical, physiological and pathological processes (Agrawal and
Steigmann, 2010; Liu et al., 2007; Evans, 1985a,b; Boulbitch,
2003). Also widely studied is the adhesion of vesicles, which com-
pared with cells are simpler in structure without cytoskeleton or
nucleus effects (Liu et al., 2007; Rey et al., 2009). They are often
used as primitive models to determine important insights in cell
adhesion (Freund and Lin, 2004). In experiments, many techniques
have been used to investigate the speciﬁc and non-speciﬁc adhe-
sion of cells and vesicles during their attachment with other cells,
vesicles or substrates (Liu et al., 2007; Cheng et al., 2009; Lin and
Freund, 2007), including atomic force microscopy (Florin et al.,
1994), traction force microscopy (Reinhart-King et al., 2005) and
micropipette aspiration (Evans, 1985a,b; Prechtel et al., 2002;
Boulbitch, 2003). Aside from the experimental explorations, many
theoretical studies have been conducted to model cell/vesicle
adhesion (Agrawal and Steigmann, 2010; Gao et al., 2011; Freund
and Lin, 2004; Liu et al., 1996, 2007; Cheng et al., 2009; Lin and
Freund, 2007; Dembo et al., 1988; Evans, 1985a,b; Johnson et al.,
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and Wistrom, 2002; Adams, 1972; Lopez et al., 1968; Bryant and
Wolfe, 1987; Joshi and Schoenbach, 2002; Joshi et al., 2002; Prechtel
et al., 2002; Taber, 1982, 1983;Rachik et al., 2006). There are twokey
elements in each of these studies. The ﬁrst is amechanicsmodel that
captures the bulk mechanical response of the cell/vesicle and the
second is an interfacialmodel for adhesion. To reduce the difﬁculties
of modeling the inhomogeneous and anisotropic nature of cells,
many assumptions have been introduced in the bulk mechanics
models of cells, common examples including constant surface area
(Lin and Freund, 2007), constant volume (Liu et al., 2007; Cheng
et al., 2009; Bryant and Wolfe, 1987; Mofrad et al., 2006), constant
tension along the surface (Adams, 1972; Lopez et al., 1968), small
deformation (Prechtel et al., 2002; Joshi andSchoenbach, 2002; Joshi
et al., 2002) and negligible bending (Joshi and Schoenbach, 2002;
Joshi et al., 2002). These assumptions are not without limitations,
but have greatly simpliﬁed the analysis on cell deformation. The
necessity of considering bending depends upon the extent of the
deformation. Taber showed thatbendingdominated if thedeﬂection
of a ﬂuid-ﬁlled rubber shellwas less than the20%of its radius (Taber,
1982, 1983) and at large deformationmembrane stretching became
more signiﬁcant (Taber, 1983). Joshi and Schoenbach (2002) and
Joshi et al. (2002), by using a thin shell model for a spherical cell
structure and determining its deformation in response to external
electric ﬁeld, observed that the bending moments were small and
could be neglected for simple analysis. In general it has been found
that if a spherical microcapsule has a radius that is more than 16
times its thickness, the bending moment can usually be neglected
(Liu et al., 1996), while for larger thickness, bending effect has to
be included (Rachik et al., 2006). The geometrical assumption of
small deformation is quite common, but it has also been emphasized
that geometrical nonlinearity can play signiﬁcant roles during large
deformation (Cheng et al., 2009). Cell/vesicle adhesion also depends
strongly upon the interfacial adhesive behaviors. Many interfacial
models have been introduced, for example, within thermodynamic
framework (Freund and Lin, 2004; Cheng et al., 2009), via chemical
reaction kinetics (Liu et al., 2007; Cheng et al., 2009; Lin and Freund,
2007;Dembo et al., 1988; Bell, 1978; Prechtel et al., 2002; Boulbitch,
2003;Nadler andTang, 2008) andprobabilistic kinetics (Chenget al.,
2009), as well as through cohesive zone models (Liu et al., 2007;
Cheng et al., 2009; Evans, 1985a,b). Thesemodels are typically based
on one of the two approaches. The ﬁrst uses an energy approach, and
the formation of contact area causes reduction in the system’s free
energy (Agrawal and Steigmann, 2010; Lin and Freund, 2007; John-
son et al., 1971). The secondmodels the interacting forces explicitly
and ‘‘binders’’ on the interface keep the surfaces in contact (Freund
and Lin, 2004; Lin and Freund, 2007; Liu et al., 2007; Cheng et al.,
2009; Evans, 1985a,b; Boulbitch, 2003). Through literature, it has
become evident that non-speciﬁc and speciﬁc forces have different
interaction relation and strength that contribute towards adhesion
(Cheng et al., 2009). Therefore, it is appropriate to model them sep-
arately (Chenget al., 2009). As oneof thenon-speciﬁc forces, electro-
static interaction is a long-ranged interaction that contributes to
cell/vesicle adhesion. In particular, charge groups exist over the sur-
faces of cells and vesicles, and they can interact with one another as
well as with other charged entities. Seyfert et al. (1995) used the ﬂat
plate streaming potential method to test the adhesion of leucocyte
to microscope glass slides coated with various polycations. It was
observed that the cell adhesion could be modiﬁed by altering the
surface conditions and the electrostatic forces (Seyfert et al.,
1995). Understanding electrostatic interaction is therefore of inter-
est to the study of cell/vesicle adhesion and its modulation.
Many efforts have been devoted to the study of particle–
particle and particle–substrate adhesion driven by electrostatic
forces. Experimentally, different methods, for example, atomic
force microscopy, centrifugal detachment and microelectrodedetachment ﬁeld methods have been applied to investigate the
electrostatic adhesive force between particles and substrates
(Zhou et al., 2003; Takeuchi, 2006; Schein, 2007; Mizes et al.,
2000; Feng and Hays, 2003). On the theoretical front, several
works addressed the adhesion between a charged particle in con-
tact with a conductive plane (Zhou et al., 2003; Takeuchi, 2006;
Schein, 2007; Feng and Hays, 2003; Seyfert et al., 1995). The par-
ticle was usually assumed to be spherical with a uniformly dis-
tributed surface charge (Schein, 2007; Mizes et al., 2000; Feng
and Hays, 2003). The electrostatic force between the particle
and the substrate was calculated via different methods such as
the image charge model, charge patch model and dumbbell mod-
el (Zhou et al., 2003; Feng and Hays, 2003; Czarnecki and Schein,
2004). It has also been a common practice to replace the uniform
surface charges around a spherical particle by a point charge at
the center of particle (Zhou et al., 2003; Schein, 2007) in order
to facilitate the force calculation. The image charge model (Mizes
et al., 2000) and Matsuyama model (Matsuyama and Yamamoto,
1998) always underestimate the electrostatic force because these
models do not consider the strong contribution from the local
charges in the vicinity of the contact area (Zhou et al., 2003).
For instance, the electrostatic adhesion of a conductive plane with
a spherical particle that has a uniform but discrete distribution of
charges was studied by Schein (2007) and Czarnecki and Schein
(2004). It was predicted analytically that the electrostatic force
acting on the few charges in close proximity with the conductive
plane was comparable to the electrostatic force acting on a single
point charge located at the center of sphere (Czarnecki and
Schein, 2004). Another great limitation of the above models is
that they all assumed that the electrostatic interaction was be-
tween rigid particles and substrates, that is, no deformation re-
sulted from the interaction.
For compliant solids subjected to electrostatic forces, how-
ever, such treatment is not appropriate. For example, experi-
ments on the electromechanical behavior of vesicles (Rey et al.,
2009) suggested that the deformation of the vesicles strongly de-
pended upon the magnitude and frequency of the applied elec-
trostatic ﬁeld, as well as the conductivity of the media.
Theoretically, (Bryant and Wolfe, 1987) modeled a cell in sus-
pension under a uniform electric ﬁeld. The interaction of the
electric ﬁeld with the induce charges on the cell membrane
caused its deformation but the external ﬁeld was assumed not
to be inﬂuenced by the deformation and possible charge redistri-
bution of the cell. That is, the electrostatics is decoupled from
the deformation. In Adams (1972), the cell membrane was mod-
eled as an insulating layer with univalent cations exterior to the
layer and univalent anions in the interior of the layer. The pres-
ence of charges on the outer and inner surfaces of the cell pro-
duces surface stresses on the membrane due to the attraction of
counterions. This analysis focused on addressing the equilibrium
of the membrane in presence of electrostatic forces, while the
actual deformation required from the equilibrium condition
was not calculated. Lopez et al. (1968), studied the shape of hu-
man erythrocyte by assuming constant tension in the cell mem-
brane and considering its deformation caused by both the
electrostatic forces due to the charges on the cell surface and
the hydrostatic pressure difference across the cell. The proposed
model coupled electrostatics with deformation and predicted an
equilibrium shape that was similar to the observed shape of
erythrocyte (Lopez et al., 1968). While these previous studies
have shed light on the mechanics of ﬂexible particles under elec-
trostatic forces, it remains an interesting question how electro-
static interaction can contributes to adhesion of such ﬂexible
particles to other entities and how the adhesion may be affected
by the surrounding media such as an electrolyte solution, which
is the environment cells reside.
Fig. 1. System under consideration in this work. It consists of a spherical membrane
of radius R in the reference conﬁguration and a nearby rigid ﬂat substrate. r0 is the
surface charge density on the membrane and / represents the location of the
charges in the meridional direction, both measured in the reference conﬁguration. r^
is the surface charge density of the substrate. Both the membrane and the substrate
are embedded in an electrolytic environment, and the membrane is ﬁlled with
incompressible ﬂuid.
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by electrostatic forces while invoking possible large nonlinear
deformation and strong coupling between the deformation and
the electrostatic forces. In particular, we study a charged ﬂexible
particle that adheres to an oppositely charged substrate via elec-
trostatic attraction. The particle is a spherical membrane ﬁlled
with incompressible ﬂuid. The membrane cannot sustain bending
but is extensible and can undergo large deformation. Such model
has been used to represent the deformation of vesicles (Liu et al.,
2007) but electrostatic interaction was absent from that work.
The particle is located in an electrolytic environment with certain
salt concentration. We assume that the presence of electrostatic
ﬁeld gives rise only to electrostatic forces acting on the membrane.
Material response, in the form of polarization, to an electric ﬁeld
(Steigmann, 2009; Dorfmann and Ogden, 2003; Kovetz, 2000) is
neglected. Uniformly distributed charges are initially introduced
on the surface of the membrane. In absence of other charged enti-
ties the electrostatic repulsion between these surface charges re-
sults in spherical symmetry in the shape of the particle. As this
particle is brought to the vicinity of an oppositely charged sub-
strate, the electrostatic attraction between the charges on the
membrane and the charges on the substrate deforms the particle,
leading to its formation of contact with the substrate. Such defor-
mation, on the other hand, is resisted by the stresses in the mem-
brane as well as by the ﬂuid inside the membrane. In addition, the
deformation results in a new charge distribution on the membrane
surface, which in turn affects the electrostatic interaction between
the surface charges and between the particle and the substrate.
That is, the deformation of the particle and the electrostatic inter-
action are strictly coupled. Through this work, we demonstrate
how the electrostatic force induced adhesion is affected by the
properties of the particle and the electrolyte solution. Our results
will be useful for modulating particle–substrate adhesion by con-
trolling the electrostatic interaction (Khachatourian and Wistrom,
2002).
The paper is organized as follows. The formulation of the elec-
trostatic force, the equilibrium equation, the geometry of the non-
linear membrane and its constitutive relation are presented in
Section 2. The numerical procedure to obtain the deformed conﬁg-
uration is explained in Section 3. Results and discussion are pro-
vided in Section 4 and conclusions are given in Section 5.2. Formulation
The system under consideration is shown in Fig. 1. It consists of
a spherical membrane with an initially uniform distribution of po-
sitive charges on its surface. The radius of the membrane is R in the
reference unstressed conﬁguration j. We will consider R to be in
the micron/submicron range because this problem is motivated
by the adhesion of small particles where surface forces dominate.
The location of charges on the membrane is represented by angle
/ in the reference conﬁguration. The total charge on the membrane
is Q ¼ r0ð4pR2Þ where r0 is the uniform referential charge density
as shown in Fig. 1. The membrane is assumed to have no bending
rigidity but is stretchable and can sustain large deformation. The
inside of the membrane is ﬁlled with incompressible ﬂuid. A rigid
ﬂat substrate with a uniform distribution of negative charges r^ is
located near the membrane as shown in Fig. 1. Note that the choice
of r0 > 0 and r^ < 0 is rather arbitrary, and all calculations in this
work remain the same as long as r0r^ < 0. Both the membrane
and the substrate are located in an electrolytic environment. It is
assumed that the electrolyte solution both inside and outside of
the membrane are identical having the same Debye length. The De-
bye length is an important quantity to describe an electrolyte solu-
tion. It is inversely proportional to the square root of the ionicconcentration in the solution (Israelachvili, 2010), and is a charac-
teristic length that corresponds to the distance from a charged en-
tity at which the electric potential decays to approximately 1=e of
its value at the charged entity (Pashley and Karaman, 2004), e here
being the base of the natural logarithm.
The loading process considered in this work is described as
follows. Firstly, the membrane of radius R in the reference con-
ﬁguration is inﬂated by the incompressible ﬂuid to a radius of r0.
Under the ﬂuid pressure and the electrostatic repulsion among
the charges on the surface, the membrane maintains its spherical
shape. Afterward, the substrate is brought to the proximity of
the inﬂated membrane. The electrostatic attraction between the
charges on the membrane and those on the substrate tends to
deform the membrane and cause its adhesive contact with the
substrate. On the other hand, the deformation of the membrane
is resisted by the electrostatic repulsion among the charges on
the membrane as well as by the ﬂuid enclosed by the mem-
brane. This results in an equilibrium deformation of the mem-
brane. It is clear that the entire loading process as described
above is axisymmetric; hence the deformation possesses axisym-
metry. Due to steric effects and van der Waal repulsive interac-
tions at short range (although not to be explicitly modeled in
this work), in the deformed conﬁguration a non-zero gap will
be formed in the contact area between the membrane and the
substrate, and hence neutralization of charges on the membrane
and on the substrate will not be considered. The objective of this
study is to model the interesting coupling between the electro-
static interactions and the deformation of the membrane, and
to be able to predict the equilibrium deformation of the mem-
brane, the adhesive contact and adhesive force, and how they
depend on physical parameters governing the problem. To obtain
the equilibrium deformation of the membrane, a system
of equations are developed that describe the geometry and con-
stitutive behavior of the membrane, as well as force balance
involving the electrostatic interactions. The formulation is pre-
sented below.
Due to axisymmetric deformation, we can completely describe
the shape of the membrane using the curve from point O to point
A as shown in Fig. 2(a). To calculate the electrostatic traction at an
arbitrary surface element da1 on the membrane, we start with the
Fig. 2. (a) Calculation of electrostatic traction on an arbitrary element da1 of the membrane due to another surface element da2 on the membrane. r is the charge density in
da1; r0 is the charge density in da2 and l1 is the distance between da1 and da2. z deﬁnes vertical position of points on the membrane from the lower pole O. (b) Cross-sectional
view of the membrane showing the location of the surface element da2. x and y are the coordinates of points on the membrane in the circumferential direction. h0 and u0 show
respectively the radial and angular position of da2. (c) An inﬁnitesimal element ds
0 in the meridional direction, s0 is the angle between the curved membrane and the
horizontal x-axis.
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membrane is assumed to be governed by the Debye–Huckel (D–
H) equation (Russel et al., 1989)
r2U ¼ k2U; ð1Þ
where k is the inverse Debye length deﬁned as
k ¼ q
2
0kBT
X
i
zini1
 !1=2
: ð2Þ
In Eq. (2) q is the unsigned charge of an electron, 0 is the free
space permittivity,  is the dielectric constant of the solution, kB
is the Boltzmann constant, T is the temperature, zi is the valence
of the ith type of ions in the solution and ni1 is the bulk number
concentration of the ith type of ions. The D–H equation is the lin-
ear version of the Poisson–Boltzmann (P–B) equation governing
the electrolyte (Russel et al., 1989). The linear form of Eq. (1)
not only allows analytical solution for U in many situations but
also allows for the use of linear superposition, which is adopted
in this work. Speciﬁcally, consider an arbitrary surface element
da2 on the membrane (see Fig. 2(a)). If the local charge density
in da2 is r0, then the total charge in da2 is r0da2. Treating it as a
point charge gives the potential U in the electrolyte due to this
point charge (Russel et al., 1989):
U ¼ ðr
0da2Þekl
4p0l
; ð3Þ
where l is the distance from this surface charge element. Denoting
the local charge density in da1 as r, the electrostatic force from the
charge r0da2 on the charge rda1, if these two elements are sepa-
rated by l1, is calculated by taking the gradient of the potential U
in (3) with respect to l, evaluating it at l ¼ l1, and multiplying it
by rda1. This gives the electrostatic force from r0da2 on the sur-
face elements da1 asdF21 ¼ ðrda1Þðr
0da2Þ
4p0
ð1þ kl1Þ e
kl1
l21
 !
el1 ; ð4Þ
where el1 is the unit vector pointing from da2 to da1. Now, by con-
sidering the force between rda1 and all other surface elements on
the membrane and on the substrate and using linear superposition,
the total force on rda1 can be calculated. It should be noted that as
the membrane deforms, the local charge distribution on the mem-
brane varies which also modiﬁes the electrostatic forces. Speciﬁ-
cally, the local charge density in da1 can be written as r ¼ r0kl,
where k and l are the principal stretches at da1 and kl represents
the local areal dilation. Similar calculation can be performed for any
other surface element on the membrane. Due to axisymmetry, r
and r0 are functions of z only and do not depend on x or y shown
in Fig. 2. Because the substrate is considered to be rigid and does
not deform, its charge density r^ is ﬁxed throughout the calculation.
To perform the superposition, we ﬁrst express the area element
da2 in terms of the coordinates deﬁned in Fig. 2. The cross-section
of the membrane in the circumferential direction is shown in
Fig. 2(b). h0 is the circumferential location of da2 and u0 is the radial
distance of da2 from the z-axis as shown in Fig. 2(a). The surface
element da2 can be written as da2 ¼ u0ðz0Þdh0 ds0. ds0 is the length
of an inﬁnitesimal element along the membrane in the meridional
direction shown in Fig. 2(c) and can be written as ds0 ¼ dz0sin s0 where
s0 is the angle between the tangent on the membrane and the hor-
izontal x-axis. The distance l1 between da1 and da2 can be written
as
l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx u0ðz0Þ cos h0Þ2 þ ðy u0ðz0Þ sin h0Þ2 þ ðz z0Þ2
q
: ð5Þ
where fx; y; zg are the coordinates of surface element
da1; fu0ðz0Þ cos h0; u0ðz0Þ sin h0; z0g are the coordinates of da2. The to-
tal electrostatic traction acting on da1 due to all surface charge
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lowing integration
dFmðzÞ
da1
¼ rðzÞ
4p0
Z zmax
0
Z 2p
0
ðr0ðz0ÞÞ u
0ðz0Þ
sin s0
 
ð1
þ kl1ðh0; z0; zÞÞ e
kl1ðh0 ;z0 ;zÞ
½l1ðh0; z0; zÞ2
 !
el1ðh0 ;z0 ;zÞdh
0dz0; ð6Þ
where el1ðh0 ;z0 ;zÞ is the unit vector pointing towards da1 from any
other area element on the membrane. In (6), the dependence of l1
on x and y has been omitted for simpler notation because axisym-
metry permits us to use the curve from O to A (i.e., at a given set
of x and y) to describe the membrane deformation.
Since r and r0 in (6) are of the same sign, FmðzÞ represents a
repulsive force, which provides resistance to the deformation of
the membrane. On the contrary, the electrostatic attractive forces
between the surface charges on the membrane and the substrate
tend to deform the membrane. The electrostatic forces on da1 from
the substrate can be calculated as follows. In Fig. 3(a), H represents
the non-zero gap between the substrate and the lower pole of the
membrane and l2 is the distance between da1 and an arbitrary sur-
face element da3 on the substrate. In Fig. 3(b) R1 is the distance
from the axis of the membrane to da3 andu represents the location
of da3 in the circumferential direction. The expression for the total
electrostatic traction acting on da1 due to all surface charge ele-
ments on the substrate is
dFsðzÞ
da1
¼ rðzÞ
4p0
Z 1
0
Z 2p
0
½ðr^R1Þð1
þ kl2ðu;R1; zÞÞ e
kl2ðu;R1 ;zÞ
½l2ðu;R1; zÞ2
 !
el2ðu;R1 ;zÞdudR1; ð7Þ
where el2ðu;R1Þ is the unit vector pointing towards da1 from any arbi-
trary element on the substrate and l2 can be written in terms of
ðu;R1Þ asFig. 3. Calculation of electrostatic traction on an arbitrary element da1 of the membrane
element da3 on the substrate, H is the vertical distance from the substrate to the lower
respectively the radial and angular position of da3.l2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx R1 cosuÞ2 þ ðy R1 sinuÞ2 þ ðzþ HÞ2
q
: ð8Þ
Here fR1 cosu;R2 sinu;Hg are the coordinates of da3 on the sub-
strate with respect to O shown in Fig. 3.
Summing (6) and (7) after substituting (5) into Eqs. (6) and (8)
into Eq. (7) gives the total electrostatic traction fe at the element
da1 on the membrane, which can be expressed as
fe ¼ fet þ fen; ð9Þ
where fet ¼ fett and fen ¼ fenn are respectively the electrostatic trac-
tions in the tangential t and the normal n directions, as shown in
Fig. 2(a). Because of axisymmetry, the electrostatic traction does
not have any circumferential component. t and n are deﬁned in
the deformed conﬁguration and can be expressed in terms of the
cylindrical basis fi; j;kg as
t ¼ cos si sin sk; n ¼ sin siþ cos sk; ð10Þ
where i and k are depicted in Fig. 2(a) and j is orthogonal to both i
and k. Since the choice of da1 is arbitrary, the equilibrium equation
of the membrane can be written as
DivPþ Jðf f þ feÞ ¼ 0; ð11Þ
where Div is the divergence operator on the reference conﬁguration
j; P is the ﬁrst Piola–Kirchhoff stress tensor, J is the areal dilation,
f f is the traction due to the ﬂuid inside the membrane and fe is the
traction due to the electrostatic interaction. The traction exerted by
the ﬂuid is normal to the membrane f f ¼ pfn, where pf is the net
ﬂuid pressure. The gravity of the ﬂuid can be neglected because of
the small dimension considered here. Therefore equilibrium of the
ﬂuid requires uniform pressure inside the membrane. The ﬁrst
Piola–Kirchhoff stress tensor P of a hyperelastic material is equal
to the gradient of the strain energy function with respect to the
deformation gradient F of the membrane, which can be expressed
as (Nadler, 2010; Sohail and Nadler, 2011; Sohail et al., 2012)due to the ﬂat substrate. (a) l2 is the distance between da1 and an arbitrary surface
pole O on the membrane (b) x–y plane view of the substrate where u and R1 are
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dr
d/ er þ r dwd/ ew
R
 E/ þ r sinwR sin/ eh  Eh; ð12Þ
where fw; hg are the spherical coordinates in the deformed
conﬁguration c. w represent the angular position of surface ele-
ments in the meridional direction and h represents the angular po-
sition in the circumferential direction. fE/ð/; hÞ;EhðhÞ;ERð/; hÞg and
fewðw; hÞ; ehðhÞ; erðw; hÞg are the orthonormal basis for the spherical
coordinates in j and c, respectively. After substitution of the ﬁrst
Piola–Kirchhoff stress tensor and the traction (due to both electro-
statics and ﬂuid) into (11), the equilibrium equation can be conve-
niently expressed as the following set of ﬁrst order ordinary
differential equations (ODEs)
dk
d/
¼ ðwl  kwklÞ cos s ðwk  lwklÞ cos/
wkk sin/
 klRfet
wkk
; ð13Þ
ds
d/
¼ klRðpf þ fenÞ
wk
wl sin s
wk sin/
; ð14Þ
where wðk;lÞ is the isotropic strain energy function of the mem-
brane, wk ¼ @w@k ; wl ¼ @w@l and wkl ¼ @w@kl. The stretch l in Eqs. (13)
and (14) is given by
l ¼ u
R sin/
ð15Þ
and the ODE for u is given by
du
d/
¼ kR cos s: ð16Þ
The detailed derivation of Eqs. (13)–(16) can be obtained by
extending our previous work (Nadler, 2010; Sohail and Nadler,
2011; Sohail et al., 2012) to include the electrostatic traction. A
word of caution for Eq. (14) is that in its derivation from Eq.
(11), the pressure from the substrate upon the formation of con-
tact has not been considered. Considering the contact pressure,
Eq. (14) needs to be slightly modiﬁed, which will be explained
below.
Due to the electrostatic attraction, a ﬁnite contact region is
formed between the membrane and the substrate. Therefore, the
membrane surface can be separated into two domains: i) the free
region not in contact and ii) the contact region. The transition be-
tween these two regions occurs at / ¼ /c . The free region of the
membrane is between 0 6 / 6 /c and the contact region is in be-
tween /c 6 / 6 p. The radius of contact between the membrane
and the substrate is denoted as a. For each of the two domains
the governing equations and boundary conditions (BCs) are ex-
plained below.
In the free region of the membrane surface, the three ﬁrst order
ODEs (13), (14) and (16) are to be solved with the following BCs
uð/ ¼ 0Þ ¼ 0; sð/ ¼ 0Þ ¼ 0; uð/ ¼ /c Þ ¼ a; sð/ ¼ /c Þ
¼ p: ð17Þ
The ﬁrst two equations correspond to zero horizontal displace-
ment and zero slope at the upper pole (/ ¼ 0; point A as shown
in Fig. 2(a)). The last two equations correspond to conditions at
the edge of the contact zone ð/ ¼ /c Þ, including the horizontal
distance from the axis of the membrane being equal to the contact
radius a, and the continuity of tangent angle s in the absence of
concentrated force. At ﬁrst glance, we have three ﬁrst order ODEs
while four BCs. But it should be noted that /c as well as a are not
known a priori and should also be solved. This in fact requires that
one more BC be prescribed, which is the continuity of the stretch k
at /c
lim
/!/þc
k ¼ lim
/!/c
k: ð18ÞFor the contact region of the membrane dsd/ ¼ 0; therefore Eq. (14) is
not required. The governing equations required are (13) and (16),
and the BCs of this region are
uð/ ¼ /þc Þ ¼ a; uð/ ¼ pÞ ¼ 0: ð19Þ
The ﬁrst equation again corresponds to the horizontal distance
being the contact radius a at ð/ ¼ /þc Þ and the second equation re-
quires the horizontal distance at the lower pole of the membrane
(/ ¼ p; point O as shown in Fig. 2) to be zero, that is, the membrane
is a closed axisymmetric surface. Once u is solved, l can be deter-
mined from (15). Finally, pf is also an unknown to be found. To
determine pf the condition to be satisﬁed is
V
V0
¼ 1; ð20Þ
which corresponds to the incompressibility of the ﬂuid inside the
membrane. Here, V0 ¼ 43pr30 is the initial volume of the inﬂated
spherical membrane and V is the volume of the ﬂuid enclosed by
the membrane after deformation and is calculated as
V ¼ p
Z zmax
0
u2dz: ð21Þ
It should be pointed out that in the contact zone, there is another
source of loading, which is the contact pressure pc from the sub-
strate on the membrane and is repulsive. This contact pressure
may arise from steric or van der Waals repulsion when the surfaces
are sufﬁciently close, and it modiﬁes Eq. (14) to
ds
d/
¼ klRðpf þ fen  pcÞ
wk
wl sin s
wk sin/
; ð22Þ
which is further reduced to
pc ¼ pf þ fen; ð23Þ
as the membrane is ﬂat in the contact zone, i.e., s ¼ p and dsd/ ¼ 0.
Since the boundary value problem (BVP) deﬁned above completely
determines the equilibrium deformation of the membrane, the ﬂuid
pressure pf and the normal electrostatic traction fen, Eq. (23) serves
to determine the distribution of the contact pressure pc in the
contact zone. To describe the nonlinear material behavior of
the membrane, we make use of the constitutive relation for the
Neo-Hookean type which has the following strain energy function
in terms of the principal stretches:
wðk;lÞ ¼ G
2
k2 þ l2 þ ðklÞ2  3
 
; ð24Þ
where G is the material constant. After the initial inﬂation, the ﬂuid
pressure inside the spherical membrane can be calculated to be
p0f ¼
2G
r0
1 R
r0
 6 !
: ð25Þ3. Numerical algorithm
In the numerical calculation, given initial uniform charge den-
sity on the membrane, charge density on the substrate, Debye
length, material constant, radii of the membrane in its unstressed
and inﬂated states, and gap between the membrane and the sub-
strate, we determine the deformation of the membrane, the con-
tact area and the adhesive force on the membrane. Since the
deformation and the electrostatic forces are strongly coupled, the
solution is obtained through an iterative numerical scheme as ex-
plained below.
Considering axisymmetric deformation, the membrane is dis-
cretized into n elements with spacing D/ for 0 6 / 6 p. At each
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deformation is obtained by solving the BVP deﬁned in Section 2.
The shooting method is used to reduce the BVP to an initial value
problem. Speciﬁcally, the membrane has two regions, the free re-
gion and the region in contact with the substrate. The initial guess
values for k0 (k0 being the stretch at / ¼ 0), pf and /c are used to
integrate the ODEs identiﬁed in Section 2, and the conditions
sð/cÞ ¼ p; uðpÞ ¼ 0 and V=V0 ¼ 1 are used to adjust the k0; pf
and /c values. Contact area a is also computed as part of the solu-
tion. The Euler’s explicit method is used to integrate the governing
equations. At this point, it is important to note that the electro-
static tractions on the membrane fet and fen, which appear in the
equilibrium Eqs. (13) and (14), are calculated from Eqs. (6) and
(7) and they clearly depend on the deformation of the membrane.
That is, the ﬁnal equilibrium conﬁguration of the membrane
should be such that the electrostatic tractions are consistent with
the deformation. To obtain such a self-consistent deformation,
we use the following iterative numerical scheme. Firstly, we start
with the spherical conﬁguration of the membrane with a radius
of r0. The charge distribution on the membrane under this conﬁg-
uration is still uniform and the traction at any arbitrary position on
the membrane can be calculated by performing the integrations in
Eqs. (6) and (7). The calculated fet and fen are then substituted into
the equilibrium Eqs. (13) and (14) to obtain the deformation under
such tractions. Next, the newly obtained deformation is applied to
Eqs. (6) and (7) to recalculate the tractions fet and fen, which are
then used to calculate the deformation again. This iteration contin-
ues until the deformation and the electrostatic traction calculated
from it are consistent in that a speciﬁc convergence criterion is sat-
isﬁed. The convergence criterion adopted in this work is
jfk0; pf ;/cgNþ1 - fk0; pf ;/cgNj < ð1 1010Þ, where fk0; pf ;/cgNþ1
and fk0; pf ;/cgN are the values of fk; pf ;/cg at the ðN þ 1Þth and
the Nth iteration steps, respectively. Such numerical scheme is ap-
plied to every set of parameters fr0; r^; r0;G;R; k;Hg and the depen-
dence of the deformation and adhesive force on these parameters
is presented in the section below.Fig. 4. Deformed equilibrium conﬁguration of the membrane at an inﬂation of
r0 ¼ 1:2, Debye length k ¼ 100 and several different substrate density ^r (0.1 for
solid line, 30 for dash line and 60 for dash and dotted line).4. Results and discussion
In this section, we present numerical results to investigate the
inﬂuence of parameters such as the Debye length, inﬂation and
substrate charge density on the deformation of the membrane
and on the adhesive electrostatic forces. At each equilibrium con-
ﬁguration the distribution of charges on the deformed membrane,
adhesive contact area between the membrane and the substrate,
ﬂuid pressure inside the membrane and principal stresses/
stretches on the membrane are studied in detail and discussed
below.
To facilitate the discussion and reduce the number of indepen-
dent parameters, a normalization of the BVP described in Section 2
can be performed using the following deﬁnitions:
a ¼ a
R
; r0 ¼ r0R ;
H ¼ H
R
; k ¼ kR; pf ¼
pf R
G
; r
¼ r
r0
; ^r ¼ r^
r0
; w ¼ w
G
; ð26Þ
where a; r0 and H are respectively the contact radius, inﬂated ra-
dius and vertical distance between the membrane and the substrate
normalized by the referential radius of the membrane, k is the nor-
malized inverse Debye length, pf is the normalized ﬂuid pressure
inside the membrane, r and ^r are respectively the local charge den-
sity on the membrane and the substrate charge density normalized
by the referential charge density r0 on the membrane, and w is the
normalized strain energy function. In addition, unless otherwise
speciﬁed, all lengths are normalized by the referential radius ofthe membrane R. The normalized BVP is given in Appendix A, which
reveals ﬁve dimensionless governing parameters: H; r
2
0R
4p0G
; k; ^r,
and r0. To get an estimate of the range of the parameters to be used
in this work, consider a spherical membrane with a referential ra-
dius of 1 micron. The non-zero gap between the membrane and
the substrate in the contact zone due to van der Waals repulsion
is on the order of a few angstroms to one nanometer; hence H is
chosen to be 0.001 throughout the calculation (simulations were
also done for smaller H and the results showed similar characteris-
tics). The dimensionless parameters r
2
0R
4p0G
will also be ﬁxed in the
calculation. Speciﬁcally, r0 is chosen to be 0.022 C=m2, close to
the experimentally measured charge density on human erythrocyte
(Donath et al., 1996). Considering the solution to be aqueous, the
dielectric constant  is set to be 80. The estimation of the material
constant G requires more consideration. In particular, because the
membrane is a two-dimensional mechanics model, G has the
dimension of force per unit length. That is, it differs from the elastic
modulus E of a solid by a length scale. This length scale would be
the thickness of the membrane if it is viewed as a three-dimen-
sional material. In fact, the strain energy function as given in Eq.
(24) implies that the material is incompressible and the principle
stretch in the direction perpendicular to the membrane surface is
simply ðklÞ1. Denoting this length scale as L; G can be approxi-
mated by EL. Considering the elastic modulus of a soft solid with-
E  100 MPa and the thickness L to be on the order of 10 nm (Fu
et al., 2008), G can be estimated to be 1 N/m. The resulting value
of r
2
0R
4p0G
from these estimations is 0.05, which will be applied to
all calculations below. The other three governing parameters k; r0
and ^r will be varied in the discussion. Since the Debye length of
an electrolyte is typically in the range of 1–100 nm (Birdi et al.,
1997), the normalized parameter k is in the range of 10–1000. We
have used several values of k in this range to study the effect of De-
bye length, i.e., the effect of salt concentration on the membrane
deformation. A range of normalized charge density ^r on the sub-
strate from 0.1 to 60 is used in the calculation to study how it inﬂu-
ences the adhesion. Finally, the effect of inﬂation r0 is also
investigated by varying r0 from 1.2 to 2.0.
First we demonstrate the fundamental characteristic of the
membrane deformation under the electrostatic force. Fig. 4 repre-
sents the deformed equilibrium conﬁguration of the membrane at
an initial inﬂation of r0 ¼ 1:2, Debye length k ¼ 100 and different
substrate densities ^r ¼ f0:1;30;60g. As expected the increase in
^r causes increase in the electrostatic attraction between the mem-
brane and the substrate, which results in larger deformation of the
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brane. The increase in total electrostatic force F due to increase
in substrate charge density is shown in Fig. 5(a), where the normal-
ized force F is deﬁned by F ¼ FGR. From Eq. (7), the electrostatic
attraction between the membrane and the substrate should be di-
rectly proportional to the surface charge density on the substrate.
If the electrostatic interaction is decoupled from the deformation,
then a linear relation will be expected. The observed nonlinear
behavior shown in Fig. 5(a) arises from the coupling between
deformation and electrostatic force. Higher ^r results in larger
deformation and overall closer separation between the charges
on the membrane and the charges on the substrate. This causes
the faster increase of F with ^r seen in Fig. 5(a) as the substrateFig. 5. (a) Normalized total vertical electrostatic force vs. normalized substrate
charge density. (b) Normalized total vertical electrostatic force vs. normalized
radius of contact between the membrane and the substrate. (c) Fluid pressure in the
membrane normalized by initial ﬂuid pressure vs. normalized contact radius. The
initial inﬂation of membrane is r0 ¼ 1:2 and the Debye length is k ¼ 100. Changes in
a are caused by changes in ^r.charge density increases. Such nonlinear relation, however, be-
comes insigniﬁcant once ^r reaches 48, after which the relation be-
tween F and ^r becomes almost linear again. This implies that the
coupling between the electrostatic interaction and the deformation
is not strong for very large deformations. This can be further con-
ﬁrmed by examining the relation between the electrostatic force
and the contact radius, as shown in Fig. 5(b). It can be seen from
this ﬁgure that the normalized contact radius a ﬁrst increases grad-
ually with the increasing electrostatic force, indicating steadily
increasing contact between the membrane and the substrate.
However, once a reaches 0.39, there is a rapid increase in F without
signiﬁcant changes in a. Speciﬁcally, when F changes from
2:66 105 to 8:89 105 (234.13% increase), a only varies from
0.39 to 0.46 (18.56% increase). This demonstrates that once a con-
siderable contact area has been formed, further increasing the con-
tact and deforming the membrane requires signiﬁcant increase in
the adhesive electrostatic force. Therefore in this regime, the inﬂu-
ence of deformation on F becomes weaker and F is mainly affected
directly by changes in ^r.
The above seen resistance to deformation arises from two
sources. The ﬁrst is the ﬂuid pressure inside the membrane, which
increases monotonically as larger contact area is formed, shown in
Fig. 5(c). In an earlier work of ours (Sohail et al., 2012), we showed
that if a ﬂuid-ﬁlledmembranewas subjected tomicropipette aspira-
tion, even if the membrane itself had no bending stiffness, the
change in ﬂuid pressure could cause resistance to aspiration that
was in quantitative agreement with experiments. Similarly in this
work the ﬂuid pressure is also an important contributor to the struc-
tural rigidity of the membrane. The second source of resistance
comes from the electrostatic repulsion between the charges on the
membrane. The distribution of local charge density on the mem-
brane is shown in Fig. 6(a) for three different substrate charge den-
sities ^r ¼ f0:1;30;60g, each corresponding to one equilibrium
deformation shown in Fig. 4. As the membrane is inﬂated to
r0 ¼ 1:2, the surface charge density remains uniform but its magni-
tude normalized by the charge density in the referential state is re-
duced to 0.69. When the membrane is brought to the vicinity of the
substrate, upon the non-homogeneous deformation, the charge dis-
tribution is no longer uniform. Speciﬁcally, in Fig. 6(a),/ is the angu-
lar position along the membrane surface while r is the normalized
local charge density. / ¼ 0 corresponds to the upper pole (point A)
on the membrane and / ¼ p corresponds to the lower pole (point
O) in Fig. 2(a). On each curve, the symbol is used tomark the loca-
tion of the contact edge. The value /c at the edge of the contact zone
is respectively 0:98p; 0:74p and 0:65p for ^r ¼ f0:1;30;60g, as
shown in Fig. 6(a). At ^r ¼ 0:1, the local charge density on the mem-
brane is almost uniform with a slight increase within the contact
zone. Such increase is due to the areal shrinkage in the contact zone
that occurs during the deformation. As the substrate charge density
increases to ^r ¼ 30 or ^r ¼ 60, the local charge density on the mem-
brane decreases near the upper pole (/ ¼ 0) and increases quite sig-
niﬁcantly inside and near the contact zone. This implies areal
dilation near the upper pole and great areal shrinkage within and
near the contact zone. Such areal shrinkage causes the chargeswith-
in andnear the contact zone tobe locatedmuchcloser tooneanother
compared with the spherical conﬁguration. Because the electro-
static interactions between these charges are repulsive, this pro-
vides a resistance to further increase in charge density in this
region caused by the membrane deformation.
The areal changes during the deformation can be clearly seen
from the distribution of principal stretches and stresses on the
membrane surface, respectively shown in Fig. 6(a) and Fig. 6(c).
Again the location of the contact zone edge is marked with  on
each curve. The principal stretches are normalized by the initial
principal stretch in the membrane ki ¼ r0=R ¼ 1:2 at an inﬂation
of r0 ¼ 1:2. The principal stresses are normalized by the initial
Fig. 6. (a) Normalized local charge density on the membrane vs. the location of
surface charge elements on the membrane. (b) Distribution of principal stretches
along the membrane surface. (c) Distribution of principal stresses along the
membrane surface. Above ﬁgures are plotted at an initial inﬂation r0 ¼ 1:2, Debye
length k ¼ 100 and at different substrate charge densities ^r ¼ f0:1;30;60g.
Fig. 7. (a) Deformed equilibrium conﬁguration of the membrane with different
initial inﬂations r0 ¼ 1:2 (solid line), 1:4 (dashed line),1:6 (dashed and dotted line)
and 2.0 (dotted line) but the same substrate charge density ^r ¼ 50 and Debye
length k ¼ 100. (b) Deformed equilibrium conﬁguration of the membrane with
initial inﬂation r0 ¼ 1:2, substrate density ^r ¼ 50 and different Debye lengths
k ¼ f10;100;1000g.
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given by 0:80G; G being the material constant in Eq. (24). At
^r ¼ 0:1, the principal stretches and stresses are almost uniform
everywhere on the membrane surface. However, for substrate
charge densities ^r ¼ 30 and 60 both the principal stretches and
stresses have non-uniform distribution along the membrane sur-
face. Speciﬁcally, they have larger values on the free part of the
membrane and smaller values on the contact part of the mem-
brane. The largest values of the principle stretches and stresses oc-
cur at the upper pole (/ ¼ 0) where the areal dilation is most
signiﬁcant and the local charge density is smallest, as given inFig. 6(a). The minimum values of the principle stretches and stres-
ses are obtained at / ¼ p and it is clear that within the contact
zone, the principle stretches are mostly below one, indicating sur-
face compression in this domain. This is consistent with the large
local charge density in the contact zone observed in Fig. 6(a).
All the above discussion is at an initial inﬂation of r0 ¼ 1:2. The
deformed equilibrium conﬁgurations of the membrane with the
same substrate charge density ^r ¼ 50 and Debye length k ¼ 100
but different initial inﬂations r0 ¼ f1:2;1:4;1:6;2:0g are shown in
Fig. 7(a). Note that here x and z are normalized by r0 so that a com-
parison can be made on the ‘‘relative’’ deformation of the mem-
brane. For ﬁxed ^r and k, it is observed that the relative
deformation of the membrane increases with decreasing inﬂation
and among these r0 values, the membrane with initial inﬂation
of r0 ¼ 1:2 undergoes the largest deformation. This is due to sev-
eral reasons. First of all, for smaller inﬂation the charges on the
membrane are closer to the substrate which results in larger elec-
trostatic attraction. Secondly, for the same charge density in the
reference conﬁguration, smaller r0 results in larger charge density
on the membrane after inﬂation which also contributes to larger
electrostatic force. Finally, smaller r0 corresponds to smaller initial
stresses in the membrane, which implies smaller resistance to
deformation.
Fig. 8. ln 3FðKRÞ
3
4GR vs. lnðkaÞ for different initial inﬂations r0 ¼ f1:2;1:4;1:6;2:0g at
constant Debye length k ¼ 100 and for different Debye length k ¼ f10;100;1000g at
constant initial inﬂation r0 ¼ 1:2.
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length of k ¼ 100. To understand the effect of Debye length on the
membrane deformation, the deformed equilibrium conﬁgurations
of the membrane with initial inﬂation of r0 ¼ 1:2, substrate charge
density ^r ¼ 50 and different Debye lengths k ¼ f10;100;1000g are
shown in Fig. 7(b). The Debye length k1 is inversely proportional
to the square root of ion concentration in the electrolyte solution;
therefore it is expected that by increasing the Debye length the
electrostatic screening from the ions becomes weaker. As a result,
at a given distance l, the exponential in Eq. (3) increases which will
increase the magnitude of the potential U at l. Thus, larger Debye
length enhances the electrostatic interactions between the mem-
brane and the substrate, which consequently should cause larger
deformation of the membrane. This is conﬁrmed from Fig. 7(b)
where as the Debye length increases from k1 ¼ 0:001 to 0.1, a
clear increase in the deformation of the membrane and area of con-
tact is observed.
Two quantities that are of most interest in contact mechanics
are the contact area a and the applied force F causing the contact.
The well-known Hertz theory of contact relates F and a for two so-
lid spherical particles in contact based on the following assump-
tions: (1) the contact radius is small compared with the radii of
the particles; (2) the region outside the contact zone is traction-
free so that the particles can be approximated by half spaces; (3)
the strains are small, permitting the use of linear elasticity; (4)
the surfaces are continuous and non-conforming and (5) the sur-
faces are frictionless (Johnson, 1987). With these assumptions, a
cubic relation between F and a can be derived (Johnson, 1987):
F ¼ 4E
a3
3R
; ð27Þ
where a is the contact radius, 1=R ¼ 1=R2 þ 1=R3; R2 and R3 being
the radii of the two spherical particles, and 1=E ¼ ð1 m22Þ=E2þ
ð1 m23Þ=E3; ðE2; m2Þ and ðE3; m3Þ being the Young’s moduli and
Poisson’s ratios of the two particles. In the case of an elastic sphere
contacting a rigid substrate, R3 and E3 can be set to inﬁnity in Eq.
(27). The Hertz theory was later extended to account for adhesive
contact, one of the most famous theories being the Johnson–Ken-
dall–Roberts (JKR) theory. In the JKR theory, the surface interactions
are assumed to be short-ranged and negligible outside the contact
zone. In contact problems involving particles with surface charges,
some of the assumptions in the Hertz and JKR theories are clearly
violated due to the long-ranged nature of the electrostatic interac-
tion. Nevertheless, there has been some success in applying
Hertz/JKR theories to adhesive contact driven by electrostatic
forces. For example, it was shown that when a spherical elastic
insulating particle with uniformly distributed surface charges made
contact with a rigid conducting half space, the contact radius could
be reasonably predicted by the Hertz theory if the electrostatic sur-
face traction was replaced by an equivalent point load acting remo-
tely from the contact zone (Tang et al., 2006).
In addition to the long-ranged electrostatic surface tractions
acting both inside and outside the contact region, the problem con-
sidered in the present work violates the assumptions in the Hertz
theory in several other aspects. The charged particle is not made of
a single solid material, but consists of a membrane ﬁlled with ﬂuid.
The membrane and the ﬂuid have different materials behaviors
characterized by different constitutive relations. In addition, the
membrane is elastic but it can undergo large nonlinear deforma-
tion. That is, it is not subjected to small strain approximations,
and the reference and deformed conﬁgurations must be distin-
guished. Recognizing these differences, it is of interest to see
how the force-contact radius relation from this work compares
with predictions from the Hertz theory. To make such a compari-
son, an effective Hertz equation ﬁrst needs to be established that
involve parameters from this work. Speciﬁcally, if we estimatethe contact radius from Eq. (27), then F would be interpreted as
the total electrostatic force between the charged membrane and
the substrate, as calculated in Fig. 5(a) and (b). R and a are respec-
tively the undeformed radius of the membrane and the contact ra-
dius, while E will be replaced by G=L as demonstrated earlier, with
L being a length scale on the order of the thickness of the mem-
brane. Such modiﬁcation to Eq. (27) results in F ¼ 4Ga3=3RL, which
can be writing in the following form
ln
3F
4GR
ðkRÞ3
 
¼ 3 lnðkaÞ  ln L
R
 
: ð28Þ
The above equation predicts that if ln 3F4GR ðkRÞ3
h i
is plotted against
lnðkaÞ, a straight line will be obtained with the slope of 3 and inter-
cept of  ln LR
	 

. As we do not have exact information about L, we
will compare our numerical results with the following equation
ln
3F
4GR
ðkRÞ3
 
¼ 3 lnðkaÞ; ð29Þ
where the intercept term in Eq. (28) has been removed. In fact, due
to the uncertainly in L and the neglect of several governing param-
eters (addressed later) when converting Eqs. (27) and (28), it is
more interesting to examine whether the cubic relation between
F and a still holds in the current problem rather than comparing
the exact value of F at a given a.
Fig. 8 plots ln 3F4GR ðkRÞ3
h i
vs. lnðkaÞ obtained from our numerical
solutions (symbols) and from Eq. (29) (solid line). The different
symbols correspond to different sets of governing parameters r0
and k. The increase in the electrostatic force and contact area is
generated by varying the substrate charge density ^r from 0.1 to
50. For all the combination of governing parameters shown in
Fig. 8, when lnðkaÞ is in the range of 1.16–1.4, the relation between
ln 3F4GR ðkRÞ3
h i
and lnðkaÞ is nearly linear with slopes in the range of
2:9  3:2. That is, despite the various differences between the
Hertz contact problem and the membrane contact problem consid-
ered here, the cubic scaling between the total force and the contact
radius remains when the deformation of the membrane is small. As
deformation increases, the results from our model deviate from Eq.
(29) in that there is a clear increase in the slope of the ln 3F4GR ðkRÞ3
h i
vs. lnðkaÞ curves for all sets of governing parameters. When lnðkaÞ
is beyond 2.6, all the curves become parallel with a slope of
approximately 5. In this regime, the total force and contact radius
2688 T. Sohail et al. / International Journal of Solids and Structures 50 (2013) 2678–2690still follow a power relation F  an, with n  5 > 3. The faster in-
crease of F as compared with the Hertz theory is exactly due to
the resistances from the ﬂuid pressure and the electrostatic repul-
sion near and within the contact zone, as pointed out earlier.
It can also be seen from Fig. 8 that the force-contact radius rela-
tion is affected by the governing parameters r0 and k, which are not
considered when converting Eq. (27) into (28). The effect of these
parameters on the scaling relation between F and a is quite small,
since all the curves in Fig. 8 show a more or less parallel pattern. At
small deformation ðlnðkaÞ between 1.16 and 1.4), the initial inﬂa-
tion r0 has a slight inﬂuence on the slope of the curves, with smal-
ler r0 having a smaller slope which is also closer to 3. The exact
magnitude of F, on the other hand, is strongly affected by these
governing parameters. In general, larger force is obtained as the
initial inﬂation r0 decreases or as the Debye length k1 increases.
This is consistent with the greater relative deformation obtained
at lower r0 and higher k1 values seen in Fig. 7.
5. Conclusions
In this paper, we study the adhesion of a ﬂexible charged mem-
brane, which is ﬁlled with incompressible ﬂuid and resides in an
electrolyte solution, to an oppositely charged rigid substrate. A
nonlinear continuum model is formulated to study the mechanical
response of the membrane under electrostatic interactions with
the substrate. The membrane deformation is strongly coupled with
the electrostatic interactions. The coupling is most signiﬁcant for
moderate deformation and becomes weaker for very large defor-
mation. The adhesion is driven by electrostatic attraction between
the membrane and the substrate but resisted by both the ﬂuid
pressure inside the membrane and the electrostatic repulsion be-
tween the membrane charges, the latter being mostly signiﬁcant
within and near the contact zone. Relative deformation of the
membrane (normalized with respect to its radius after inﬂation)
increases as the substrate charge density increases, as the initial
inﬂation decreases, or as the Debye length of the solution in-
creases. Together with the increase in deformation is the increase
in the total electrostatic attractive force between the membrane
and the substrate. Compared with the classical Hertz theory of con-
tact, the cubic scaling ðF  an, where n ¼ 3Þ between the total force
and the contact radius remains at small deformation, while n in-
creases with deformation and becomes approximately 5 at very
large deformation. The normalized inﬂation and Debye length ap-
pear to affect the actual magnitude of the total force, while having
very small inﬂuence on the scaling relation between the total force
and the contact radius. Although the results demonstrated here are
for a given value of G (1 N/m) and for r0 values above 1:2, the fun-
damental characteristics of the results do not only apply to these G
and r0 values. We have in fact carried out calculations with differ-
ent G and r0 values, and it has been observed that the qualitative
behaviors demonstrated in this work remain the same.
Our model predicts the response of a charged membrane in con-
tact with a charged substrate and provides useful information on
how the adhesion can be modulated by changing certain parame-
ters such as the Debye length, inﬂation and substrate charge den-
sity. The present model can be used to address some real-life
problems. For example, the model can be used to predict electro-
static interactions between charged capsules and oppositely
charged surfaces which are widely used in medicine, food technol-
ogy, cosmetics, coatings, printing, and cleaning (Gordon et al.,
2004; Vinogradova et al., 2006; Raichur et al., 2006). These cap-
sules are fabricated from polymeric material, layer-by-layer depo-
sition of oppositely charged polyelectrolyte onto charged colloidal
particles and emulsion polymerization (Gordon et al., 2004; Vinog-
radova et al., 2006). The surface of the capsules is naturally chargedand the electrostatic interactions with oppositely charged surfaces
bring adhesion (Raichur et al., 2006). The surface properties of these
charged capsules can be tailored to achieve desired interactions par-
ticularly in drug delivery systems where the capsules have to inter-
act with targeted cells, tissues and organs (Raichur et al., 2006). Our
current model has the potential to study adhesion of these capsules
induced by electrostatic forces. The model is also useful in studying
the adhesion and spreading of vesicles. The deformed membrane
shape, contact area, contact angle, and adhesive forces predicted
from our model can be compared to measurements from experi-
ments to test the applicability of the model to vesicle adhesion.
Limitations do exist in the currentmodel. For example, themodel
does not account for possible rate dependent material properties of
the membrane. This issue can overcome by adding the viscosity of
the membrane and that of the enclosed ﬂuid. The model can also
be extended by including the compressibility of the ﬂuid in the
membrane. Friction is not considered between the membrane and
the substrate which can also be included in the model. Our model
has neglected bending, so it is only applicable to thin membrane
with a thickness that is much smaller than its radius. It should be
noted, however, that the electrostatic repulsions between the
charges on the surface can contribute to the apparent bending stiff-
ness. For example, in a dilute electrolyte solution, the elasticity of a
single-stranded DNA was shown to be mostly contributed by the
electrostatic repulsion between the charges rather than the bend-
ing/torsion of the bonds (Manohar et al., 2007). Explicitly modeling
the electrostatics can capture this part of the structural bending
rigidity. For thick structures where mechanical bending stiffness
cannot be neglected, it can be added by introducing the thickness
and considering it as a shell, but this is out of the scope of this work.
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Appendix A
Introduce the following normalization:
w ¼ w
G
; r ¼ r
r0
; ^r ¼ r^
r0
; pf ¼
pf R
G
; k ¼ kR; a
¼ a
R
; r0 ¼ r0R ;
H ¼ H
R
: ðA-1Þ
In addition, all the lengths are normalized by R. Adding Eqs. (6) and
(7) and substituting in the normalized quantities, the traction on
the membrane is expressed as
fe ¼r
2
0 rðzÞ
4p0
Z zmax
0
dz0
Z 2p
0
r0ðz0Þu0ðz0Þ
sin s0
ð1þ kl1ðh0;z0;zÞÞ e
kl1ðh0 ;z0 ;zÞ
½l1ðh0;z0;zÞ2
el1ðh0 ;z0 ;zÞdh
0
(
þ
Z 1
0
dR1
Z 2p
0
^rR1ð1þ kl2ðu; R1;zÞÞ e
kl2ðu;R1 ;zÞ
½l2ðu; R1;zÞ2
el2ðu;R1 ;zÞdu
)
: ðA-2Þ
If we deﬁne the normalized traction on the membrane as
fe ¼ fer2
0
4p0
; ðA-3Þ
then
fe ¼ rðzÞ
Z zmax
0
dz0
Z 2p
0
r0ðz0Þu0ðz0Þ
sin s0
ð1þ kl1ðh0;z0;zÞÞ e
kl1ðh0 ;z0 ;zÞ
½l1ðh0;z0;zÞ2
el1ðh0 ;z0 ;zÞdh
0
(
þ
Z 1
0
dR1
Z 2p
0
^r R1ð1þ kl2ðu; R1;zÞÞ e
kl2ðu;R1 ;zÞ
½l2ðu; R1;zÞ2
el2ðu;R1 ;zÞdu
)
: ðA-4Þ
T. Sohail et al. / International Journal of Solids and Structures 50 (2013) 2678–2690 2689The normalized distances l1 and l2 in (A-4) are respectively
l1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx u0 cos h0Þ2 þ ðy u0 sin h0Þ2 þ ðz z0Þ2
q
; ðA-5Þ
l2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðx R1 cosuÞ2 þ ðy R1 sinuÞ2 þ ðzþ HÞ2
q
: ðA-6Þ
The normalized electrostatic tractions in the tangential and normal
directions are
f et ¼ fetr20
4p0
¼ fe:t; ðA-7Þ
f en ¼ fenr2
0
4p0
¼ fe:n: ðA-8Þ
Now, the governing equations in the normalized form in the free re-
gion of the membrane / 2 ½0;/c are
dk
d/
¼ ð wl  kwklÞ cos s ð wk  l wklÞ cos/
wkk sin/
 kl
f et
wkk
 r
2
0R
4p0G
; ðA-9Þ
ds
d/
¼
klðpf þ f en r
2
0R
4p0G
Þ
wk
 wl sins
wk sin/
; ðA-10Þ
du
d/
¼ k cos s ðA-11Þ
and the normalized boundary conditions in this region are
uð0Þ ¼ 0; sð0Þ ¼ 0; uð/c Þ ¼ a; sð/c Þ ¼ p: ðA-12Þ
The normalized governing equations in the part of the membrane in
contact with the substrate / 2 ½/c;p are
dk
d/
¼ ð wl  kwklÞ cos s ð wk  l wklÞ cos/
wkk sin/
 kl
f et
wkk
 r
2
0R
4p0G
; ðA-13Þ
du
d/
¼ k cos s ðA-14Þ
and the normalized boundary conditions in this region are
kð/þc Þ ¼ kð/c Þ; uð/þc Þ ¼ a; uðpÞ ¼ 0: ðA-15Þ
With the normalization, the volume constraint equation is reduced
to
p
Z zmax
0
u2dz ¼ 4
3
pr30: ðA-16Þ
Clearly, the normalized BVP depends on the following dimension-
less parameters
k; ^r; H; r
2
0R
4p0G
; r0: ðA-17ÞReferences
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